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Abstract: For nonlinear systems with multiple outputs and multiple inputs which cannot be decoupled, 
we make use of the sampling data of the real system to obtain a fuzzy relation matrix model via the 
semi-tensor product (STP) operation of matrices, and establish the mathematical model for a 
complicated system based on STP. This method has been applied to analyze the dynamic performance 
of floor for the radiant floor system. In this paper, a radiant floor cooling system based on concrete core 
radiant floors is examined. To analyze dynamic behaviour of floors during non working time operation, 
model of fuzzy relation matrix based on STP is established. The model is used to estimate quantitatively 
related parameters in the start-up period of the floor systems under the impact of outdoor environment 
such as temperature and humidity during the actual cool-down times. The results show that it is not 
evident to time delay of the floor surface temperature and indoor air temperature due to the thermal 
inertia while the amplitude of outdoor air temperature vibration is reduced significantly.  
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1. Introduction 
Energy and environmental problems are becoming a big concern across the world. High energy 
efficiency system and renewable energy application are good solutions for these challenges (Saidur et al. 
2010). Water-based radiant floors with good features are getting more and more attention (Olesen, 
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2002). The application of radiant floor cooling has been extended from western and northern European 
even in southern and eastern Asia (Simmonds et al., 2000; Zhao et al., 2011; Song et al., 2008; Zhao et 
al., 2014).  

The dynamic performance and control methods of the radiant systems are the subject of many 
studies (Deng et al., 2012; Zhao et al., 2014). Zhao (2014) gave the time constant for concrete floors 
about 2.4 h. As for the dynamic heat transfer process, methods are often very complicated and difficult 
to be applied in applications especially for many coupled parameters. A novel method based-on matrix 
product, semi-tensor product (STP) of matrices, was proposed (Cheng, 2007; Cheng et al., 2011) and 
developed to fuzzy control (Feng et al. 2013; Lv et al.2012). This method is suitable for solving the 
multiple coupled variables simply. 

This paper tries to use the STP with fuzzy relation matrix to study the dynamic performance of 
the radiant system in an existing application.  It aims to develop a simple method to analyse the basic 
parameters including indoor air temperature and floor surface temperature which are playing important 
roles in the control of radiant systems. 

2. Methodology 
Cheng (2007) proposed a novel semi-product (STP). And Feng (2013) and Lv (2012) extended it to 
multiple input multiple output (MIMO) systems of the fuzzy control.  

2.1 Preliminaries 

First, we give some necessary notations and concerning results for logic. 
For the convenience, necessary symbols and definitions are introduced first.  
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Definition 1 let qp
k
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k DBDA ×× ∈∈ , . Let s=lcm(n, p) denote the least common multiple of n and p. 

Then the semi-tensor product of A  with B  is defined as ( )( )psns IBIABA //: ⊗⊗= . 

Note that ⊗  is the Kronecker product .The STP is denoted by  . Because ( ) ( )jiji bBaA ,, , == , all 

product operations are taking the min, and addition operations are taking the max in the STP operation.  

Definition 2 Assume the universe of discourse is finite, we express it as  [ ]neeE ,,1 = . Let A  be a 

fuzzy set over E . Then A  is conventionally expressed as nn eeeA ααα +++= 2211 , Where 

( )iAi eµα =  is the membership degree of ie  on A . The vector expression of one fuzzy set is denoted 

by ( ) nT
nA R∈= ααυ ,,1  . Where nR is an n-dimensional real space.  

To present the matrix expression of a multiple fuzzy relation, we introduce a multi-index notation. 
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2.1 The matrix expression of semi-tensor product based on fuzzy sets 

Assume the system has m  inputs and p  outputs, then the fuzzy relation has the form as 

( ),11 mp UUYYF ×××××∈∑       (2) 

Where ,,,1, piYi =  and mjUi ,,1, = have been fuzzificated, and the fuzzification process has 

been described in the previous subsection. Note that the controller { }iY  becomes the input set and 
{ }iU  the output set. 
In general case, a fuzzy controller is mathematically equivalent to a fuzzy relation (5). We describe this 

as follows. First, we specify degree-based fuzzy sets of { }iY  and { }iU  as 
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Note that ,,,1, i
i
k ky α=  correspond to “negative big”, “negative middle”, … , which are what we 

mean the degree-based fuzzy sets. 
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We use dual fuzzy structure. That is, consider iYE
 as the universe of discourse for iY , and jUE

 as the 

universe of discourse for jU
; and meanwhile, consider each true value ii Yy ∈  as a fuzzy set over iEY  

and jj Uu ∈
 as a fuzzy set over jEU

. 

A fuzzy controller is a fuzzy relation among 
{ }mp UUYY ,,;,, 11 

. This fuzzy relation comes from 

experience etc. Now assume it is known as Σ . That is, Σ  is a fuzzy relation on j
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A fuzzy relation is essentially shown as fuzzy matrix above among the outputs and the inputs.  

3. Modelling the start-up performance of the radiant cooling 
performance 

3.1. The study background  

Antaeus Building, located in Jinan City Shandong Province China, has a radiant floor system. It is built for 
office which was put into services at the end of 2012 with construction area of 5483m2, one 
underground floor and 5 floors on the ground and mainly for office and research. The radiant system 
embedded in Antaeus Building uses the water from the U-shape tubes of the underground heat 
exchanger to cool the floors which is called direct cooling system. Non working schedule of the 
companies in Antaeus Building is 17:30-8:30 (next day). Pump for circulating the high temperature cold 
water from the U-shape tubes still works during the non working time. We choose the 19:00-8:00 (next 
day) as the start-up time for there is less load from people and solar radiation. Results of the study will 
be helpful to decide how long start-up stage will be ok which is very important to operating control. 

We obtain the operating data from 2013 till 2016 which provides us with sufficient conditions to 
obtain the fuzzy relation matrix. We take the cooling operation as an example. The radiant system cools 
the building directly with the 18 °C water. All data involved in this study are from the operation data in 
period of 2013-2015. 
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3.2 Steps of modelling the radiant system  

There are many factors which affect the performance of the floor. Outdoor parameters have great 
impact on buildings and their HVACs. The temperature of the supply water and the floor surface are 
very important to the radiant floor systems. That is why we choose these five variables including 
outdoor air temperature, outdoor relative humidity, indoor air temperature, the mean temperature of 
supply and return water to analyse the start-up performance. After addressing the operating data, 
condensation is not problem in the start-up stage. Indoor relative humidity is not in those parameters. 

(1) N groups of sampling data pairs about the input and output variables obtained from the operating 
data, that is  

( ) NiTTTTH iaisiwioaioi ,,1,,;,, =∗∗∗∗∗      (6) 

Where ∗
oiH , input variable, is the outdoor relative humidity in the i-th data pair; ∗

oaiT , input variable,  

the temperature of outdoor air; ∗
wiT  ,input variable,  the mean temperature of the supply and return 

water; ∗
siT  , output variable, the mean temperature of floor surface; ∗

iaiT  , output variable, the mean 
temperature of indoor air. 
(2) Firstly we specify the degree-based fuzzy sets of iY and jU as 
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 (3) Through the fuzzification, we convert these data into the fuzzy vector forms: 
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  (a) Outdoor relative humidity (b)Temperature of outdoor air (c) Average temperature of     

     supply and return water 
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Figure 1: Membership functions of fuzzy variables 
 (4) Get the input/output fuzzy relation matrix 

The fuzzy relation matrix among all input variables of the i-th data is 
i
YTTHTTHo RvvvR

wioaioiwioaii
== ,,     (13) 

The fuzzy relation matrix among all out put variables of the i-th data is 
i
UTTTT RvvR

siiaiwiiai
== ,       (14) 

(5) Then the i-th fuzzy relation matrix between the input and output variables from the i-th data is 

( )Ti
Y

i
U

i RRR =       (15) 

(6) The end fuzzy relation matrix from all N  groups of data is 

i
N
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1=
=          (16) 

(7) We can obtain the output fuzzy vector through the fuzzy relation matrix 

( )333231232221131211 ,,,,,,,, bbbbbbbbbRRR YU =×=    (17) 

(8) Reference[31] proposed two methods to deal with defuzzification of multiple control case. One 
method is Jointed Defuzzification (JD). Because the temperature of floor surface and the temperature of 
indoor air are coupled variables, we find the JD method. 
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Where ( ) ( ) ( ) ∧∧=× ,, sTsqiaTsiaTT TTTT
iapsqiap

µµµ is taking the min. 

(d)Temperature of floor surface (d)Temperature of indoor air 



771 Modeling based-on semi-tensor product for the start-up stage of the radiant cooling system  
 

4. Validation and results 

4.1. Validation of the model 

As we get in section 3, a fuzzy relation matrix has been set up through the operating data in the past 
three years. After that, we can get the indoor air temperature and floor surface temperature when 
outdoor air temperature, relative humidity outside, mean temperature of supply and return 
temperature are given.  According to the operation data, results from the model are compared to the 
field measured data. That shows the results from the model can follow the measured data very well as 
shown in figure 2.  It is satisfying that error of the results from the model is within 10% through the 
analysis. In figure 2, Tia and Ts mean the indoor air temperature and the temperature of floor surface 
from operating data respectively,  Tia’ and  Ts’ out of operation data. 

 

 
Figure 2: Validation result of the model 

4.2 Results of model analysis 

For the convenience of analysis, we choose the beginning of cooling season which is commonly on 15th 
May every year and the hottest day (19th June). Weather data in these two periods are from Chinese 
Standard Weather Data (CSWD). Actually the hottest day (the highest temperature on average) is also 
the hottest day (peak temperature) in a typical year. For the convenience, we assume the average 
temperature of supply and return water is 19 °C which is the mean for a whole year. The results are 
shown in Figure 3 and Figure 4. Toa, Tia and Ts are outdoor air temperature, indoor air temperature, 
temperature of floor surface, respectively.  

 
Figure 3: Dynamic performance at the beginning of cooling season (in average) 
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Figure 4: Dynamic performance in the hottest day (on average) 

5. Discussion and conclusion 
Because of the complicated factors for a radiant cooling system, it is very hard to predict the main 
variables such as the indoor air temperature, the temperature of cooling floor surface. The method of 
STP is a powerful tool to this problem, especially in practical applications. As Zhao (2014) pointed out 
that the response time for the concrete floor is about 2.4 h while the cooling capacity reaches 63% of its 
maximum. According to the results of the model, the time of cooling the floor is shorter than the time 
constant for the radiant system in the case. That is because the temperature of supply water is 18 °C or 
higher and the temperature difference of supply and return water is about 2 °C. As figure 3 and 4 show, 
the temperature of indoor air follows the changes of the outdoor air temperature. The changes in the 
mean floor surface temperature are not evident, only 0.5°C, which reflects the feature of radiant floor 
system although it shares the same trend with outdoor air temperature.  

Compared to the beginning of the cooling season, it is very steady for indoor air temperature 
changes in the start-up stage of the hottest day (in average). Period from 18:00 – 8:00(next day) is 
regarded as the start-up time when there is no load from people and small load from solar radiation. In 
order to cool the floors, building envelopes and furniture inside sufficiently, the cooling period is set at 
will by operation staff as long as the non-working time. The results of the study shows it is not necessary 
to take 14 hours to cool the building. It will be a appreciate duration to take less than 2 hours to cool the 
building. The specific time will be the subject in the future study. It is also necessary to understand 
whether it brings impact on the cooling capacity of the radiant system.  
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